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SUMMARY

The proposed paper deals with the analytical modedf the noise generated by rotor wakes
impinging on a row of outlet guide vanes in a ddctabsonic axial-flow fan architecture. The

present analytical approach is believed a congisféernative to numerical methods, especially
at the early design stage. The analytical modedosists in convecting a wake model through
the stator and applying a mode-matching techniquisointerfaces to determine the generated
acoustic waves. This original technique allowsadtrcing simply the cascade effect in a two-
dimensional unwrapped representation of the siatGartesian coordinates. Its interest is that it
can be easily transposed to a three-dimensional@ancascade in cylindrical coordinates.

INTRODUCTION

Axial-flow fan stages, such as the small-size dilidiens used in air-conditioning systems for
aircraft or similar technology, are made of a ratperating with a downstream row of stationary
outlet guide vanes (stator). The duct diametgeiserally small (around 20 cm) and the rotational
speed quite high, leading to a blade-tip Mach nunalb®ut 0.3. The numbers of rotor blades and
stator vanes are quite large, typically betweemrdd 30. This makes sound propagation in the duct
take place at relatively high frequencies for whieimerous higher-order modes are to be taken
into account. The wakes issued from the rotor ig@ian the vanes, inducing unsteady loads which
radiate as equivalent dipoles according to the mgrimackground of the acoustic analogy. This
mechanism is referred to as wake-interaction ndisecludes tonal noise at multiples of the blade-
passing frequency (BPF) associated with the perigdiocity deficit in the wakes and broadband
noise associated with wake turbulence. Both caminbs need being modeled with a reasonable
accuracy and at reasonable computational cost Her dake of low-noise design. Modern
computational resources make the tonal noise mugleliore and more tractable using numerical
methods, such as Unsteady Reynolds-Averaged N&Wdes (URANS) simulations. But
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simulating resolved turbulence is much more diffican the one hand, and even the numerical
simulation of periodic phenomena remains expensom,the other hand, especially at the
preliminary design stage when numerous configunatimust be tested in optimization algorithms.
This is why the analytical modeling approach désatiin the present work is believed an attractive
alternative.

Analytical modeling requires drastic approximatiansthe geometry and on the flow features in
order to produce closed-form solutions of intefestengineering purposes. Most often the vanes
are assimilated to rigid flat plates of zero thieks embedded in a uniform mean flow. The simplest
strategy is to determine the fluctuating lift fascen the vanes with linearized isolated-airfoll
theories and then to make the forces radiate. filusstep approach neglects the so-called cascade
effect, expectedly dominant for the aforementiofeede numbers of vanes. The cascade effect is
defined as the effect of adjacent vanes on thedgaemic and/or acoustic response of one of them.
Because the exit flow from the stator must be atiie vanes are moderately cambered and inclined
at the leading edge, and nearly parallel to the akihe trailing edge. As a result they have gelar
overlap and quite high solidity (see Fig. (1)-a).

In the present 2D approach, to be considered aslimmpary investigation, the stator is unwrapped
and represented by an infinite linear cascade ddllph axially aligned and zero-stagger plates
(Fig. (1)-b). The inter-vane channels are consdi@® a periodic array of bifurcated waveguides
with rigid walls. The same problem could be soles@ctly using the Wiener-Hopf technique, as
shown by Gleghand readdressed by Possraf. This technique can be extended to a cascade of
staggered plates but it cannot be equivalently fdaed for an annular cascade. In contrast the
present mode-matching technique, partially addcessa previous work by Ingenito & Rodetan

be transposed easily in a cylindrical coordinatetesy to address the configuration of an annular
cascade. But it is not suited for an applicatiorsteggered vanes. Therefore, till some generalized
statement is available, the technique will be ative as long as the cascade effect is dominant and
the stagger effect of secondary importance. Thighig it is expected to produce realistic estimates
for broadband noise wake-interaction noise, assaltreof the averaging inherent to statistical
approaches. Yet the formalism allows addressingltooise as well.

The following sections detail the analytical formtibn of the mode-matching technique applied to
the impingement of aerodynamic wakes on the statores. The wake model, the matching

equations and sample results are presented. Thldeznto understand the solving procedure and
provides physical insight into the scattering med$ra of the hydrodynamic waves into sound at

the leading-edge and trailing-edge interfacessiaitor.

MODE-MATCHING PRINCIPLE

The flow is considered as non-viscous and isentropie fluctuations of velocity, pressure and
density are solutions of the linearized Euler eigmat The mean velocity is axial and uniform, of
subsonic Mach numbed. All other mean-flow quantities are also constant.

When an oblique incident wave impinges on the fiotérface of a set of bifurcated channels, the
induced azimuthal phase speed along the intérfiaceeproduced in the reflected and transmitted
waves to ensure the continuity of the acousticdfiéltigure (1) shows a typical annular stator
configuration with zero lean and sweep, and a twmeedsional unwrapped representation of the
vanes for a cut at radius= R,. a = 2 m R, /V is the inter-vane distanck,is the number of vanes.
An unit oblique incident wave is specified as!(®t=kx¥~kz2) \herek, is the axial wavenumber
and k, the azimuthal wavenumber. Th&r-periodicity on the variabled = z/R, implies that
2mR, = nyA, or k,Ry, = n, wherel, = 2n/k, is the azimuthal wavelength. The reflected waves

of the forme=i(® t-kxx-kz2) myst satisfy the same conditide; R, = n). The continuity of the
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azimuthal phase speed imposes that the phase-sbifi&en two points in the direction are the
same for all waves. For the incident and the regdtovaves, they are respectively given by
e(@mn)/V) ande(@mn0)/V) 5o tham) = ny + sV, [n,,s] € Z. The same condition applies to
the transmitted duct wave for which a phase-shefiveen adjacent channels must be equal to
i2mtng/V
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Figure 1 - (a): Typical stator architecture. (b): 2D unwrapped representation of the stator

In the mode-matching technique, the leading-edgktiamiling-edge cross-sections of the stator are
considered as interfaces at which fluctuating ptalsguantities are matched to satisfy the basic
conservation laws of fluid dynamics. The same [piec holds in the original cylindrical
coordinates (Fig. (1)-a), as long as all pointsaofane edge are approximately contained in the
same cross-section, or in a Cartesian unwrappedseptation (Figs. ((1)-b, 2)).
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Figure 2 - 2D unwrapped representation of the rotosstator stage, considered as a bifurcated waveguidgstem



FAN 2015 4
Lyon (France), 15 — 17 April 2015

In general configurations, when the mean-flow qii@sthave constant but different values on both
sides of the interface, jump conditions are ex@@$s the mass-flow rate and on the total enthalpy
(Rogeret af). In the present study the mean flow is assuméiram and identical on both sides
and the general conditions can be shown to reautfeetcontinuity of fluctuating pressure and axial
velocity. These are classical conditions for trensmission of acoustic waves in axial bifurcated
waveguides. But because the linearized equatiorga®fdynamics for a homogeneous base flow
coincide with the convected wave equation they ladt when formulating the acoustic response
of an interface to impinging vortical and pressfiee disturbances.

APPLICATION TO WAKE IMPINGEMENT ON A STATOR CASCADE
Wake Modeling

Incident Wakes

The mode-matching technique applied to wake-intemaagnodeling requires first the definition of
the periodic wake velocity deficit induced by thetar blades on the stator. This incident
perturbation is assumed frozen, incompressiblepaadsure-free, convected by the mean flow. In
the absence of more accurate description, the wekeity deficit is consistently assimilated to a
Gaussian function, the parameters of which coultlbed from inspection of the velocity triangle.
The Gaussian wake profile was proposed by Reyreild$. The excitation of the stator front face
by the periodic wake pattern is reproduced by sumgran infinite series of time Gaussian pulses:

INIREIES S S
w(t) = w, Z e U7 ) = Z w,,elnBat (1)
k=—o0 n=—oo

whereé = In 2, w, is the velocity deficit on the wake centerlimes= b / (QR,) is the half-time of
the impulse due to a single wake passags,the half-width of the wake profile arfftis the wake
passing period corresponding to the wake passeguéncyBQ/(2m). The spectrum of the wake
harmonics decreases with a Gaussian envelope.dfortine, using the relatian = (R,Qt), and
accounting for the convection, the wake velocitfiaiebecomes:

+ 00 2
(MB\_ . (mBQ Bb _(nBb)
W(x’ Z) = Z Wnel(Ro)Zel( Wy )X , w, = Wo \/ge 4$Rg .

~ 2mR,

n=—oo

The axial projection of these perturbations is ternitas:

+o0o

i(@)z i(nBQ)x
w(,2) = sin(f) ) wee' RN, x <0 ©
"0

The term of order zero must be discarded sinceritributes to the non-radiating steady loading on
the vanes. Each contribution of oraeproduces sound at the corresponding multiple efllade-
passing frequency.

Vortical Waves in the Bifurcated Wavequides

This section deals with the transmitted hydrodymataortical) waves in the inter-vane channels.
Their definition has to be consistent with the ag@vection of the wakes, the rigid-wall condition
and the phase-shift between adjacent channelsarijovalue ofi, the axial velocity of the vortical
field in the channel of index is written as a sum of modes:
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VDX_ZAmCOS< (z—ma)) (n"‘lif)x, 0<x<c 3)

Adjacent inter-vane channels are phase-shifteceibywithu = 2mnB/V. If A}) stands for the
modal coefficient in the reference chanfel = 0), A" = A?eim“ is the coefficient in the channel
of indexm.

Chu and Kovaszndyhowed that the acoustic and vortical modes atdletion in an isentropic gas
remain uncoupled in a linearized theory, providedttthe base flow is homogeneous. As a
consequence, both develop independently, excqptyasical boundaries where they couple. In the
present case the coupling occurs on the statorsyaméhe sense that the acoustic potential fields
combine with the hydrodynamic fielda the rigid-wall boundary condition. The aforemen#adn
modal expansion automatically fulfills that conditi so that the formulation of the coupling is
displaced to the interface.

As a result of the Euler equation, the rotationfath@ hydrodynamic velocity field is conserved
through the interface. This is used to determimeatimplitudes of the hydrodynamic channel modes.
Moreover, the divergence of the hydrodynamic momegzero, which provides a relationship
between the azimuthal and axial velocity componértis velocity field of the incident gust for any
value ofn andm = 0 reads

i(2B)z (2B,
sin(f,)wye \Ro/"e \ Wx /" x
Vit = o i(22); i(2E2), x=<0 (4)
sin(B,)w,e ‘\Ro/"e \ Wx /" 7
X

and the velocity field in the inter-vane channel is

z A7 cos ( ) (nBQ) X

vE={ .o , 0<x<c (5)

‘nBNa T nsQ
Z sin(%z)e(wx )xz

Matching both expressions of the rotational at l#eing-edge interface located -at= 0, the
following equation is found :

inB (M) sin(f;,) Wn i [( nB.Q) a _Jm A? sin (%[ Z) ei(n‘/ﬁf)x (6)

R W2 a

Multiplying both sides by;in(%z), u € Z, integrating with respect te from 0 to a and taking
advantage of the orthogonality property of the nsddads to the infinite set of equations

_ W2 + RZQ?\ nBM\* a pum T
inB <W> sin(B,) w, W, = l(] . ) ——— 4=, u=1,.,Nu (7)

ut  a | HV
uv[(—1)”ei”327ﬂ—1

(o)

with pr =

. % Lo
Iani?, W= —Ian—2
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Thus the modal amplitude of a transmitted hydrodyicanode is obtained as

. W2 + R2Q?%\ .
nB <—xR Wg )sm(ﬁr) w, W
A0 = 0 7x 8)
n 2
.nB.Q) 4 _pmm
(1 W,/ umt a |V

Finally the hydrodynamic wave downstream of théostss assumed the same as upstream, so that
its axial velocity for a given value afis written as

.(nB .(nBQ
vix = Bnel(Ro)Zel(W_x)x, ¢ <x whereB, = sin(,)w, (9)

A more refined statement paying deeper attentictméovay of implementing a Kutta condition at
the trailing-edge interface will be addressed fatare work.

Definition of the Acoustic Potentials
The acoustic potentials are solutions of the cotageElelmholtz equation:

1 D% 0% 92 ¢ nBQ
Ap——=—==-—+1—-M>)—+2ik,M—+k2¢p =0, k, = \ 10
d) Cg th azz + ( )axz + 1 n ax + n¢ ) n C() ( )

where the convective derivative is:

b —6+WV
Dt 0t '

Four acoustic fields are produced by the interactithe “reflected” and the “transmitted” fieldo(s
called because of the upstream/downstream propagdby identity with the problem of the
diffraction of an incident acoustic wave) in theboanded domains, referred to gsand¢,, and
those in the inter-vane channels referred tp,aand¢, for upstream and downstream propagation
directions, respectively (Fig. (2)). The reflectghl.) and the transmittedgp,) potentials admit a
Floguet space-harmonic representatidtor the wake harmonic of orderthe upstream free-field
potential reads

+00
b= ) Reeifelix, x<0 (11)
s=—o00

with

—_ _ 2 _ R22
nB + sV ~ Mk \ n = Bar, Wy
@, =" K= M==2% g=1-M2

s RO ’ Ts ﬁz ’ Co
The transmitted acoustic potentfals written as

oo _ 2 _ Pp2,2
+ nB + 1V . Mk, + ’kn Beaz. (12)

. -
e = z T.e'*r?elft™, ¢ <x, . =R ) K¢, = 2
0 B

T =—00
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Both reflection and transmission occur on a seazimuthal modes which correspond to oblique
plane waves in the unwrapped representation. Tiected and transmitted fields result from the
modulation of the incident perturbations by theiquiicity of the V vanes, according to orders

selected by Tyler & Sofrin’s rule:B - sV, s € Z.

The upstream and downstream acoustic potentidgleimter-vane channels can be written as

S : P N ikt —Mky + \/k%_ﬁz (%)2
oI = z Dpe™ cos (—Z) e'fap*, 0<x<c, ij = (13)
a
p=0

ﬁZ

S I N ik x ~Mhy — ik = B2 (1 )2 (14)
— 0, imu u - —
o = qique cos(az)e a”, 0<x<c, Kuq— g

wherem refers to then™ inter-vane channel. By virtue of the vane-to-vphase-shift the problem
of the determination of the acoustic potentials/ordeds being solved for the reference cha@nel

Matching Equations

The continuity of the fluctuating pressure and kxelocity is imposed on both interfaces of the
stator. Two sets of matching equations can be ewrititx = 0 andx = c. The relations between
acoustic potential, pressure and velocity are:

p* = —p, (%—(f +W. Vd)), Vit = Vo (15)

For clarity, we consider a vectdr gathering pressure and axial velocity. Its indidesote the
incident (), reflected R), transmitted T), downstream channeD} and upstream channel/’
hydrodynamic &) and acousticac) waves.

p*(x,z)

, =I,R,T,D, U 16
v (x,z) + vi(x, Z)) 1 (16)

I,(x,z) = (

For any value of the wake harmomi@nd the channetr = 0, the continuity of pressure and axial
velocity is imposed at the leading-edge interface=(0) and the trailing-edge interface € c).
The matching equations read:

I,(0,2) + Tx(0,2) = Tp(0,2) + I'y(0,2), Vz (a7)
Iy(c,z) + Ty(c,z) = Iy (c,2), Vz (18)

These equations involve four unkown generic vaesbR, D°, U°, T) and four matching
equations. A global matrix inversion method coutdused with a proper truncation but it might not
be the best suited because of conditionning issues.

Iterative Method for Multiple Matching

The two sets of equations can be solved by antiiergprocedure which has the interest of
following the onset of the acoustic response to ligdrodynamic wave. The incident wakes
impinging on the leading-edge interface generatestrapm (reflected) and downstream
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(transmitted) acoustic potentiaks,j and ¢2). The latter is partially reflected by the tragiedge
interface, generating the upstream guided figifl) (@and the transmitted fieldp() downstream of
the stator. Back-and-forth acoustic waves develap way in the bifurcated waveguides until
convergence. Two steps are required :

- Initialization (g = 0)

I;(0,2) + T:°(0,2) = I,°(0,2), Vz (19)
I,°(c,z) + T,%c,2z) = It °(c, 2), Vz (20)
- lterative procesgg > 0)
I, (0,2) + TR9(0,2) = T,9(0,2) + T,97 Y (c,2), Vz (21)
I9(c,z) + Ty9(c,z) = Iy 9(c,2), vz (22)

In the initialization step, Egs. (19) and (20) soéved without upstream wave (vecidt= 0). Then
Egs. (21) and (22) are solved using the modal wefits from the downstream channel wave
(vectorD?) as input. This provides a first estimate of afidal coefficients. The iterative process is
continued until all coefficientR, D?, U® andT are converged. At every step in this procedurs; on
two vectors of coefficientsR, D%) or (U?, T) have to be determined for each interface, which
makes the solving easily achievable.

Modal Projection

An usual way of solving the matching equationisise modal projections. This is illustrated here
for the leading-edge interfacex € 0). Multiplying each equation bgos(%z), u€ Z and
integrating with respect tofrom 0 to a leads to the infinite sets of equations:

o Continuity of the pressure

+00

_ T _ T
z (ke = Ky MGG, g, = (o = K, M) DR (14 800) + (kn — K, M) US (1 + 8,.0) (23)
S§=—o00

o Continuity of the axial velocity
+co
T T T
sin(B,) wpl 5 + Z iKr;RSA‘;rS Ry = iK;#ng (1+8,0) +iKy, Uﬁv (1+48,0) + A v (1+86,0) (24)
S=—00

where

2T
w layRo [1 — (=DHe'7 av] nB
= ], u=01,..,N,

N, = ) a, € [OlrS,R—
0

| rt ()]

8,0 stands for the Kronecker symbol. The projectioabdes to isolate one coefficient in one (or
two) infinite sums. Truncating the sum to the orSlend recombining the two projected equations
in order to eliminate the modal coefficiem® leads to a linear system:

[A][R] = [A] (25)
M) = M, [ ) K

(kn — kM) K,
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k — - —
Ekn - ?:LZ g _ 2*# + 11(1; |sin(8,) wytly — 49 ;(1 +8,0)]
n dy I3 u

u=01,.,N; s=-S,..,01,..,5S

TT
Ao(p) = Uﬁv (1+8,,0)

R is the vector of the modal coefficients of theffe#eted” waves, of siz€S + 1. This equation is
then solved by matrix inversion. Then, the modadfttaents for the downstream channel waves
D? are expressed froR :

+ 00
V T
D] = —= [ Z iKZRA, o — Ky US—(148,,)

IKC-{# V(l + 811,0) S=—00 ¢ 0 " V (26)

TC
+ sin(B,) wuAh (1 +8,0) —AY v (1+48,0)

The same procedure is applied for the trailing-adtgrface.

RESULTS

Rotor-Stator Interaction

Typical results are reported in Figs. (3) and @)ly the first Fourier component of the incident
wake pattern is considered. It corresponds to taddBPassing Frequency (BPF) of the rotor.
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Figure 3 - (a): Typical pressure field generated byvake impingement on the front face of a finite-chal stator
cascade, at the BPF. Upstream and downstream emisss of an oblique wave (cut-on). Full unwrapped annus.
(b): Modal amplitudes |R| and |T|. Blue (red) barglenote cut-on (cut-off) modes.

The plotted quantity is the instantaneous pressirewn for qualitative illustration. The incident
wakes travelling upwards have no trace in term@reksure. The parameters of the system are
B =23,V =17, Q = 11000 rpm, W, = 20 m/s,f, =mn/6andc = 0.2 m. The non-realistic
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value of the chord is chosen to illustrate the atioypropagation in the channels. The rotor-stator
system B = 23,V = 17, Fig. (3)) emits upstream and downstream propagaiblique waves in
the annular duct. These waves correspond to thendotnco-rotating mode; = 23 — 17 = +6

of phase speezB Q R,/6 expected from Tyler & Sofrin's rule. A plane-wavede is transmitted
and reflected in each inter-vane channel, with asphshift between adjacent channels that
reproduces the same, = 6 periodicity as for the upstream mode.

(B =17,V =23) 10

=
b2

aV —

-
T

=] =] <
= = w
T

Modal amplitude |R|

-15 -10 -5 0 5 10 15
I't | Mode order s

—-
T

=] =] =]
= = =]
T

Modal amplitude |T |

=

-10 -5 0 5 10 15
Mode order r

(b)

Figure 4 - (a): Typical pressure field generated byvake impingement on the front face of a finite-chal stator
cascade, at the BPF. Condition of total cut-off ugeeam and downstream emissions. Full unwrapped anrus.
(b): Modal amplitudes |R| and |T|. Red bars denoteut-off modes.

b
7]

For the rotor-stator syste@® = 17,V = 23, Fig. (4)) at the first BPF, the interaction genesathe
dominant modey; = 17 — 23 = — 6. This mode is contra-rotating, which means thatghase
speed—17Q R,/6 is downwards on the plot. In this case there isobtique upstream and
downstream propagation. The amplitude of the magleexponentially attenuated from the
interfaces, with axially aligned pseudo-wavefrofitsis corresponds to a cut-off mode. In contrast
the plane-wave mode is again transmitted and tefieback and forth in the inter-vane channels
with a phase-shift between adjacent channels. &hgential phase speed along the interface is
supersonic in the first case (Fig. (3)) and sulisenthe second case (Fig. (4)), with respect & th
fluid.

Parametric Study: Vane Chord Variation

The effect of the vane chord variation on the r@diaacoustic power is illustrated in Fig. (5). The
chord ¢ = 0.2 m) is increased by one centimeter. The rotor-stadofiguration B = 23,V = 17)
which emits propagating oblique waves is consider&l parameters remain the same. The
acoustic powerspP;, (j =R,T) per unit span of the upstream and downstream wafes
potentialsp,, ¢, respectively, are defined'8s
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+00
ZyaVk, - S
o= 2 Y KR K= (G- pad
2 e s $ (27)

cut—on modes

11

+00
ZoaVk _ —
p=2 N R P T = (k- prad
cut—rozn_;Loodes (28)

whereZ, = pyc, is the acoustic impedance of the fluid. _, k. are respectively the propagative

parts of the axial wavenumbers of the upstream dowinstream waves. Only the cut-on modes
carry energy and contribute in the expression efatoustic power.

0.14 , , , , , i x10%

',1,17(71': =

0.12 | —— (P +P,)

=
=
o

tn w n
T T T

(5]
T

150 %

Acoustic power criterion

N S N [ IR . AW
U 1 f--' 1 1 Tear P 1 U
0 01 02 03 04 05 06 07 08 0.9 1

o 01 02 03 04 05 0.6 07 08 09 1
chotd variation Ac (cm) (c = 0.2 m)

chotd variation Ac (cm) (¢ = 0.2 m)
(@) (b)

Figure 5 — Effect of a chord variation on the upsteam (dashed), downstream (dotted) and total (solidadiated
acoustic powers per unit span. (a): at the BPF (n31(b): at 2 BPF (n=2)

Figure (5) shows a nearly periodic variation of #wustic power with increasing chord length.
Between Fig. (5)-a (BPF) and Fig. (5)-b (2 BPF} theriod of the variation is divided by two.
These periods are approximately equal to the ay@todynamic wavelength:

_2mWy
" nBQ

(29)

At the BPF and 2 BPF, the axial hydrodynamic wawglkes arel,(n =1) =4.7 mm and
A,(n = 2) = 2.4 mm. The variation denotes a resonance effect wliyethe relative phases of the
hydrodynamic waves at both interfaces. Figure fB@ws that the acoustic radiation generated by

the impact of a hydrodynamic wave on a stator geddent on the ratio between the chord length
and the axial wavelength of the wake perturbations.
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CONCLUSION AND FUTURE WORK

An original mode-matching technique dedicated te tinodeling of wake-interaction noise
production in an axial-flow fan stator vane row Hmsen described in the paper. The technique
allows simply accounting for the cascade effecadjacent vanes. In addition to classical matching
equations of acoustics involving the continuity akial velocity and pressure, a specific
conservation equation for the vorticity is conseter The preliminary implementation and first
results in a two-dimensional unwrapped reductiorthef stator confirm that it is relevant for an
efficient prediction of the sound. The sound wases directly expressed in a modal form from a
modal expansion of the wake disturbances, withatgrmediate step. In particular the model
provides a direct way of illustrating the cut-ondacut-off waves produced by wake interactions
according to Tyler & Sofrin’s rule. The other irget is that the approach could be declined in a
three-dimensional annular cascade in cylindricardmates, which will be addressed in a future
work. It will also be declined in a statistical apach to formulate the broadband noise associated
with wake interactions.
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